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Abstract 

We define an action of the braid group of a simple Lie algebra on the space of imaginary 
roots in the corresponding quantum affine algebra. We then use this action to determine an 
explicit condition for a tensor product of arbitrary irreducible finite-dimensional represen- 
tations is cyclic. This allows us to determine the set of points at which the corresponding 
R-matrix has a zero. 

0. Introduction 

In this paper we give a sufficient condition for the tensor product of irreducible finite- 
dimensional representations of quantum affine algebras to be cyclic. This condition is 
obtained by defining a braid group action on the imaginary root vectors. We make the 
co nditio n explicit in Section 5 and see that it is a natural generalization of the condition 



in |CP1| given in the sh case. This allows us for instance, to determine the finite set of 



points at which a tensor product of fundamental representations ca n fai l to be cyclic. Our 



result proves a generalization of a recent r esult of K ashiwara ||K[, | W , [Nl|. Further, it 



also establishes a conjecture stated in M , | HKOTY ] 



We describe our results in some detail. Let g be a complex simple finite-dimensional 
Lie algebra of rank n, and let be the quantized untwisted affine algebra over C{q) 
associated to g. For every n-tuple tt = (vri, • ■ • ,7r„) of polynomials with coefficients in 
C(g)[?i] and with constant term one, there exists a unique (up to isomorphism) irreducible 
finite-dimensional representation V{Tr) of U,. For each element w in the Weyl group W 
of g, let VwTT be the extremal vector defined in In this paper we compute the action of 
the imaginary root vectors in on the elements v^n ■ To do this we define in Section 2 an 
action of the braid group S of g on elements of (C((?) [[w]])" and prove that the eigenvalue 



of VniTT is the element T„(7r) where T : — > S is the canonical section defined in [Bo|. 

Let ■k{u) G C{q)[u] be a polynomial that splits in C(g). Any such polynomial n can be 
written uniquely as a product 



Orq 



— Orq"^'' "^u) ■ ■ ■ (1 — a,.g 



where G C(g) and m,, G Z+ satisfy 

— T Q I < m < mm(mr, mj), 

if r < /. Let S{n) be the collection of the pairs {ar,mr). 1 < r < k defined above. Say 
that a polynomial n'{u) is in general position with respect to 7r{u), if 

/ 

/ — fm' +mtf— 2p) n ^ ^ 

— Q ^' ,Q <p <nn,r, 

ai 

for all pairs (a^,m^) G ^(Tr') and {ae,mi) G S{n). 

Our main result Theorem |^ is the following, we restrict ourselves to the simply laced 
(only in the introduction). Let Si, S2, ■ ■ ■ , s„ be the set of simple reflections in W and let 
Sij^ ■ ■ ■ Si„ be a reduced expression for the longest element wo G W . 

The tensor product V{'7T')®V{Tr) is cyclic on v-j^i ®f7r if for all 1 < j < N the polynomial 
i'^ij+i ■ ■ ■ '^iN'^')ij ''^ general position with respect to iTi. . More generally, let Vi, ■ ■ ■ Vr 
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be irreducible finite-dimensional representations such that Vj ^Vi is cycltc if j < I. Then 
V\ ® ■ ■ ■ ®Vr is cyclic. 

Of course, we first have to prove that {Ti-^-^ ■ ■ ■Ti^T:')i- is a polynomial, we do this in 
Section 2. In Section 5, we write down the polynomials {Ti^^-^ ■ ■ ■ Tij^Tr')i. , for all g and 
a specific reduced expression of wo thus making the condition for a tensor product to be 
cyclic explicit and we see that it is the appropriate generalization of the result in the case 
when = sZ2- 

To make the connection with Kashiwara's conjectures, we consider the case 

m 

7T,{u)^l (j^i), 7v,iu)^llil-q^+'-^^au) (a e C{q)). 

s = l 

Denoting this n-tuple of polynomials as tt^ „ and the corresponding representation by 
V{T^ln.,ay we prove the following; Let I > 1 and let ij G /, mj £ Z+, aj G C(g) for 
1 < j < I- The tensor product V(7r^j^_nj^) (8) ^(77^2,02) ■ ■ ■ ® V'(7rm,,ai) is cyclic on the 
tensor product of highest weight vectors if for all r < s, 

— t<l , V p > 0. 

as 

In Corollary 5.1, we write down the precise values of ar/as at which the tensor product 
is not cyclic. In the case of two when £ = 2, this is the set of all possible zeros of the 
7?-matrix, R{a) : l/(7r^^, J ® ^(77^^,1) ^ -(/(TrjA,..) <S> V{tt%^^) 



The case when ruj — 1 was originally conjectured and partial ly p r ove d in |AK] and 



completely proved in M (and in |VV| for the simply-laced case), N1|,|N2|. Th e result in 



the case when the rui are arbitrary but Ui = 1 for all i was conjectured in ||K[, [HKOTY] 



In the case of An and C„ a nd w hen mj = 1 the values of ar/as where the tensor product 



is not cyclic was written in [AK| 



In the exceptional case the explicit calculation of the possible points of reducibility can 
be used to write down the precise g-module structures of the exceptional algebras for all 
nodes of the Dynkin diagram. Details of this will appear elsewhere. 

Finally, recall that a tensor product of two irreducible finite-dimensional representa- 
tions is irreducible if both V (SjV and its dual are cyclic on the tensor product of highest 
weight vectors. Thus our theorem gives us a sufficient condition for the tensor product 
y ® V ' to be irreducible. When g = sh, this condition is the same as the one given in 



jCPl 



1. Preliminaries 

In this section we recall the definition of quantum affine algebras and several results 
on the classification of their irreducible finite-dimensional representations. 

Let q be an indeterminate, let C(q') be the field of rational functions in q with complex 
coefficients. For r, m G N, m > r, define 



\ = [mU[m~l],...[2Ul], 



Let be a complex finite-dimensional simple Lie algebra of rank n, set / = {1, 2, ■ • ■ , n}, 
let {ai : i £ 1} (resp. {uii : i £ /}) be the set of simple roots (resp. fundamental weights) 
of g with respect to f). As usual, (resp. P'^) denotes the non-negative root (resp. 
weight) lattice of 0. Let A = {aij)ij^i be the n x n Cartan matrix of g and let A = (aij) 
be the {n + 1) x (n + 1) extended Cartan matrix associated to g. Let / = 7 U {0}. Fix 
non-negative integers di {i G /) such that the matrix (diaij) is symmetric. Set qi = g'*' 
and [m]i — [m]q. . 
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Proposition 1.1. There is a Hopf algebra \Jq over C{q) which is generated as an algebra 
by elements Ea^, F^. , K^^ (i G I), with the following defining relations: 

K,K-^ = K;^K, = 1, K,Kj = KjK,, 



l — a^j 
r = 



\E^^,F^^] = 5.. 
1 - a 



!J -1 ' 

Qi - <?,: 



(Ea^Y Eoij {Ea- 



(Fa J'' Fa, (Fc J 



, 1 — a T — r 



= ifi^j, 



tfi^j. 



The comultiplication of \Jq is given on generators by 
A(FaJ =Fa, ® ®Fa,, A (Fa, ) = Fa, ® -RT ^ + 1 ® -F^. , A{K,) = (S K„ 

for i £ i. □ 

Set Kg = nr=i K*^"', where 6 ^ J^r iOi is the highest root in . Let Uq be the 
quotient of by the ideal generated by the central element KqK^^; we call this the 
quantum loop algebra of j 



It follows from 



that Uq is isomorphic to the algebra with generators 



{i £ I, r £ Z), Kr^ {i £ I), hi^r {i £ I , r £ Z\{0}) and the following defining relations: 
KrK-'' = K-^Kr = 1, K,Kj = KjKr, 

Ki hj ^ J- — ^jiT Ki , 



± ^ [raij]iXj j.^g, 



E E(-i)' 



^».'-,r(l) • • ■ ^».»-,r(fc) ^J.3^I.'-,r(fc + l) 



•a^i,r,(„) =0, if i / 3, 



for all sequences of integers ri, . . . , r^, where m = 1 — Oij , Em is the symmetric group on 
m letters, and the t/j^^,. are determined by equating powers of u in the formal power series 



E^^ 



± ±r 



For i £ I, the preceding isomorphism maps to a;+g and Fc^ to x^Q. The subalgebra 
generated by Ea-, Fa-, K^^ {i £ I) is the quantized enveloping algebra 11^'" associated 
to g. Let Uq(<) be the subalgebra generated by the elements x~^, {i £ I, k £ Z}). For 
i £ I, let Ui be the subalgebra of \Jq generated by the elements {x^f_ : k £ Z}, the 
subalgebra uf is defined in the same way. Notice that Ui is isomorphic to the quantum 
affine algebra 115^(5/2)- Let be the comultiplication of Uq-(sZ2)- 
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An explicit formula for the comultiplication on the Drinfeld generators is not known. 
Also, the subalgebra Ui is not a Hopf subalgebra of U,. However, partial information 
which is sufficient for our needs is given in the next proposition. Let 

iG/.fcGZ jel\{i},kez 

Proposition 1.2. The restriction of A to satisfies, 

A{x) = A^{x) mod (U, ® (UAU.)) . 

More precisely: 

(i) Modulo VqX- (g) lJq{X+f + VqX- (g) UgX+{i), wc have 

k 

H4,k) =4.k»^ + K^»x+|, + Y -^tj » (fc > 0), 

k-l 

= K-^ ® x+_i, + x+_^ «> 1 + XI ® ^t-k+j {k > 0). 

(ii) Modulo lJq{X- f (g) UqX+ + U,X- (g) U,X+(i), we /lave 

fc-i 

^{x7,k) = (g is:, + 1 (g a;-fc + X a:-^.^. (g 1/)+. (fc > 0), 

fc 

A(x-_ J = a;-.;, 8 + 1 ® x-_^ + Y H-k+j » i^'.j (k > 0). 

(iii) Modulo \JqX^ g)UqX"^, «;e have 

A(/ii,fc) = g) 1 + 1 (g /ii,fc (keZ). 



Proof. Part (iii) was proved in [ paj . The rest of the proposition was proved in |CP3|. □ 

We conclude this section with some results on the classification of irreducible finite- 
dimensional representations of quantum affine algebras. Let 

A^{feC{q)[[u]]:fiO)^0}. 

For any Uq-module V and any fi — fiiUJi £ P, set 

V^^{veV : K,.v = qf'w. Vie/}. 

We say that V is a module of type 1 if 

/JSP 

From now on, we shall only be working with U^-modules of type 1. For i £ I, set 



Definition 1.1. We say that a Uq-module V is (pseudo) highest weight, with highest 
weight (A,h*), where A = X^ig/ '^i' 
7^ « e Va such that V = Uq.v and 



weight (A,h*), where A = X^ig/ '^i'^!) = (hf(u),--- ,h^(ti)) G A", if there exists 



^tk-'" = ^^ Ki.v = q^^v, hf{u).v = hf(u)v, 
for alH G /, fc G Z. □ 
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If V is any highest weight module, then in fact V — \]q{<).v and so 
Clearly any highest weight mod ule ha s a unique irreducible quotient V{\,h.^) 



The following was proved in |CP2| 



Theorem 1. Assume that the pair (A,h^) G P x A" satisfies, the following: A = 
J^jgj XiCJi G , and there exist elements a;.,. G C(g) (1 < r < Ai,i G /) such that 

7—1 

Then, V{X,h^) is the unique (up to isomorphism) irreducible finite-dimensional U,- 
module with highest weig ht (A,h±). □ 

Remark. This statement is actually a reformulation of the statement in ]CP2 . Setting 



TTi( u) — YlrLii^ ~ aj.ru ) and calculating the eigenvalues of the il^i^k gives the result stated 



in [CP2], see also [C;P4] 



From now on, we shall only be concerned with the modules V{\,h.^) satisfying the 
conditions of Theorem 0. In view of the preceding remark, it is clear that the isomorphism 
classes of such modules are indexed by an n-tuple of polynomials n = (tti, ■ ■ ■ ,nn), which 
have constant term 1, and which are split over C{q). We denote the corresponding module 
by V{Tr) and the highest weight vector by vtt, where A = Yl"^! degTTi. For alH G /, fc G Z, 
we have 

(1-1) xff,.vn=0, Ki.vn = qf''^'''vn, 

and 

(1.2) j-- .WTT = hi,±fc7;7r, (,x^ ,J .utt = 0, 

[K\i 

where the \ii,±k are determined from the functional equation 



exp j - E ][ii^±ku' j = Tit{u) 



lu=0' 



fe>0 

with 7r+(M) = -Kiiu) and -r- {u) = M'^'=s-'7r,(u-i)/ (M'^'=s-'7r,(ii-^) | 

For any U^-module V , let V* denote its left dual. Let — : / — > 7 be the unique diagram 
automorphism such that the irreducible g module V{ijJi) = V{ijJj). There exists an integer 
c G Z depending only on g such that 

(1.3) F(7r)* ^ T/(7r*), tt* = (^t(9'")> ' ' ' > M<fu)). 



Analogous statements hold for right duals |CP3]. Recall also, that if a module and its 



dual are highest weight then they must be irreducible. 

Finally, let uj : — > Uq be the algebra automorphism and coalgebra anti-automorphism 
obtained by extending the assignment ijj{xff^ = —xj_f_. If V is any Uq-module, let 
be the pull-back of V through lo. Then, {V ® V'Y ?^ (1/')" ® V'^ and 

(1.4) V(7r)" = V{Tr'^) 
where 

tt" = (tTj (<j?Ku), • • • ,T:^{qlKu)), 

for a fixed k depending only on g. 

Throughout this paper, we shall only work with polynomials in C{q)[u] which are split 
and have constant term 1. For any 7^ a G C(g), m G Z^, set 

771 

(1.5) TTm.aiu) = Y\{'i- - a-q'"~'^''^^u). 
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It is a simple combinatorial fact [CPl] that any such polynomial can be written uniquely 
as a product 

s 

where rrij G Z+, aj G C(g) and 

j<£ ^ ^ ^ qM^j+'^i--2p) ^ 0<p<mm{mj,me). 

If TT and tt' are two such polynomials, then we say that tt is in general position with respect 
to tt' if for all 1 < J < s, 1 < fe < s', we have 

for any < p < mj. This is equivalent to saying that for all roots a of tt we have, 

a V l<k' <s'. 

We conclude this section with some results in the case when g = s/2- 
Theorem 2. 

(i) The irreducible module V{nm,a) with highest weight Tim.a is of dimension m + 1 and 
is irreducible as a U;f^"-module. 

(ii) Assume that ai,--- , G C{q) are such that if r < s then a^/as 7^ (i-e. 
the polynomial (1 — aru) is in general position with respect to (1 — agu) for all 
1 < r < s < 1) . The module W(7r) — V'(7ri,ai) ® • ■ • ® V(7ri,a(,) is the universal 
finite-dimensional highest weight module with highest weight 

i 

r=l 

i.e. any other finite-dimensional highest weight module with highest weight tt is a 
quotient of W(ji). 

(iii) For 1 < r < £, let G C(g) and rrir G Z+ be such that TTm^^a^ is in general position 
with respect to TTms.as for all 1 < r < s < i. The module V{'Kmi,ai ® ■ ■ ■®V{-Kmf,at) 
is a highest weight module with highest weight -Kmi.ai ■ ■ ■ i^mi,,ai and highest weight 
vector V7r„j,aj v^^^^^^^ . In particular, the module W{TVmi,ai) ® V(7r,„2,a2) ® 
• • • dgi V{nmi,ai) is highest weight. 

(iv) The module V^(vr) ® y(7r') is irreducible iff 

^ ^ g±(m,.+™.-2p) VO <p < min(m,,m,). 



Proo f. Parts (i) and (iv) were proved in IPPJ. Part (ii) was proved in [ |CP4| , (see also 
VVj, [ |N2| ] in the case when tv{u) G C[q,q^ ,u]. In the general case, choose v G C[q,q~^] 
so that 7f(ii) — -k{uv) has all its roots in C[q,q^^]. Let Ti, : — > be the algebra and 
coalgebra automorphism defined by sending 2;^ — > w*a;^. The pull back of V{tt) through 
Tv is V{Tr) and henc e W{n{u)) = M^(7r(uw). This proves (ii). Part (iii) is proved as in 
Lemma 4.9 in |CP1|. In fact, the proof given there establishes the stronger result stated 
here. 

□ 
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2. Braid group action 

Let W be the Weyl group of g and let B be the corresponding braid group. Thus, B is 
the group generated by elements Ti {i £ I) with defining relations: 



{T^Tif = (TjTif, if aijaji = 2, 
{TiTjf = {TjTif, if aijttji = 3, 

where i,j € {1, 2, • • • ,n} and A = (aij) is the Cartan matrix of g. 
A straightforward calculation gives the following proposition. 

Proposition 2.1. For all r > 1, the formulas 



define a representation 7)r ■ B end{Vr), where Vr = C(g)'^ and {ei,--- ,en} is the 
standard basis of Vr . Further, identifying 

oo 

= n 

r=l 

we get a representation of B on A" given by 

(Tih), =h,(M), i/a,i = 0, 

{Tih)j = \ij{u) + \n{qu), ifttji = -1, 

{Tih.)j = lij{u) + hi{q^u) + iii{qu), if aji = -2, 

{Tih)j = hj (u) + hi{q^u) + hi(g^w) + hi{qu), if aji = -3, 

(Tih)i = -hi{qfu), 

for allij €l,ii€A'^. □ 

Let Sf, i e 7 be a set of simple reflections in W. For any w £ W, let £{w) be the 
length of a reduced expression for w. If w = Si^Sij • ■ • Si^. is a reduced expression for w, 
set Iw = {ii,i2, - • -ik} C / and let = Ti^ ■ ■ ■ Ti,, . It is well-known that T^, and 7™ are 
independent of the choice of the reduced expression. Given h G A" and w £ W, we have 

T^h = Ti^Ti^ ■ ■ ■ Ti^h = ((r^h)i, • • • , (r„h)„) . 

Wc can now prove: 

Proposition 2.2. Suppose that w £ W and i £ I is such that i{siw) = £{w) + 1. There 
exists an integer M = M{i,w, h) > and non-negative integers pr,j (j£l,'i-<r<M) 
such that 

M 

(2.1) (T^h)i= Y^Pr-j'^^il^'^'^ 

Further, if i ^ I-w, then 

M 

(2.2) (r^h)i = hi(M) Pr,3^H (9''")- 

Proof. Proceed by induction on i(w)\ the induction clearly starts at i{w) = 0. Assume 
that the result is true for £{w) < k. If £{w) = k, write w = Sjw' with £{w') = k — 1. 
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Notice that j ^ i since £{siw) — £{w) + 1. We get 

(r„h). = (r,r„,h), = (T„.h),(M) + J2 (r»'h),(g'i''-i"''-'u). 

If l{siw') — £{w') + 1, in particular this happens if i /I^, the proposition follow by 
induction. If £{siw') = £{w') — 1, we have w — SjSiw" . Suppose that aijaji — —1. Then, 
£{sjw") = £{w") + 1 and we get 

(TjT,r„„h), = {T,T^,n\i), + {T,T^n'h),{qu) = {T^, ,h) j {q,u) . 

The result again follows by induction. The cases when aijaji = 2, 3 are proved similarly. 
We omit the details. □ 

3. The main theorem 

Our goal in this section is to obtain a sufficient condition for a tensor product of two 
highest weight representations to be highest weight. 

Let V be any highest weight finite-dimensional Ug-module with highest weight tt (or 
(A, h*) as in Theorem^. For all w G W , we have 

dim K.A = 1- 

If ■ ■ ■ Si^. is a reduced expression for w, and A = ^^AiCi^i, set nik ~ A^ and define 
non-negative integers rrij (depending on w), for 1 < j < fc, by 

Let v\ be the highest weight vector in V . For w G W , set 

= (a^»i,o) ■■■K^ikfi) 
If i G 7 is such that £{siw) = £{w) + 1, then 

(3.1) x+^.v^x=0, VfcGZ. 

To see this, observe that uiA+ai is not a weight of V^, since u)~^ai G R'^ ii£{siw) — £{w) + l. 
It is now easy to see that v^x 0, V^x — C{q)v^\ and 

V = IJq.V^X- 

Since hi.kVwX C VwX for alH G 7, fc G Z it follows that 

!^.v^x = h™fc«„A y i £ I, / fc G Z, 

where h^^ G C(g). Set 

OO 

hr(it) = ^ hl^fcW*', = (h"(M), • ■ ■h™(?i)). 

Recall that — — (ln7ri(ii), ■ ■ ■ , ln7r„(M)). 
Proposition 3.1. If w £ W , then 

Proof. We proceed by induction on £(10). If £(w) = then w = id and the result follows 
by definition. Suppose that £{w) = 1, say w — Sj. Writing A — Ajtjj, we have 

VsjX ~ i^Jo)''^^ ■'">'■ We first show that 

(3.2) hj,kiu).Vs-x = -hj{q]u)vs-x = {Tjh)j{u)vs-x- 

The subspace spanned by the elements \{x~,Y .vx : < r < Aj} is a highest weight 
module for U^, hence it is enough to prove (p.2|) for highest weight representations of 
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quantum affine 5/2- In f act it is enough to prove it for the module W{n) of Theorem 
ti. Using Proposition 1.2, we see that the eigenvalue of hi^k on the tensor product of the 
lowest (and the highest) weight vectors is just the sum of the eigenvalues values in each 
representation. This reduces us to the case of the two-dimensional representation, which 
is trivial. 

Next consider the case £(10) — Si, with i ^ j. Recall that 



Hence, 



[2r 



This gives 
h 



Mhi) 



^i,r{Xj^Q) ^ -Vx 



(hi,,. — gj- 



(hj.r +(7/hj>).(a;,n) ').vx, 



-hj,r)(xj-,o) '-vx), 



■vx, 



where the third equality follows from (3.2). 

This proves the result when £{w) = 1. Proceeding by induction on £{w), write w — Sjw' 
with £{w') — £{1^) — 1. Since v^x ~ (xJq)"^^ v^i x for some mj > 0, the inductive step is 
proved exactly as in the case £{1^) — 1, with vx being replaced by v^ix- This completes 
the proof of the proposition. □ 

Let Wo G W be the longest element of the Weyl group of g. 

Lemma 3.1. Let V , V' be finite-dimensional highest weight representations with highest 
weights tt and tt' and highest weight vectors vx and Vx' respectively. Assume that v^qX ® 
Vx' G \Jq{vx ® Vx')- Then, V ®V' is highest weight with highest weight vector vx ® «a' 
and highest weight mr' = [tvitt'i, ■ ■ ■ ,7r,i7r^). 

Proof. It is clear from Proposition that the element vx ® vx' is a highest weight vector 
with highest weight tttt' . It suffices to prove that 

V(g)V' = Vq{vx <S>vx'). 

Since x~i_.v^^x ~ for all i G / and A; G Z, it follows from Proposition 



1.2 



that 



Repeating this argument we see that that v^^x ®V' C. \Jq{yx ® Vx/)- Now applying the 
generators Ea^, Fa^ (i G /) repeatedly, we see that V ®V' C \Jq(vx ® vx')- This proves 
the lemma. □ 



Lemma 3.2. Let w £W and assume that i £ I is such that £{siw) — £{w) + 1. 
VwX ®Vx' generates a \Ji-highest weight module with highest weight (Ti„h)ihi. 



Then, 



Proof. This is immediate from Proposition and Proposition 3.1 



□ 
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We can now prove our main result. Given tt = (tti, ■ ■ ■ ,n„), and w G W, set 
T„7r = (exp - (T„ ln7ri(M))i, • • • ,exp - (T„ lmv„{u))„). 

Theorem 3. Let Si^ • • ■ Si„ be a reduced expression for wo- The module ^(Tri) ® ■ • ■ ® 
V{Trr) is highest weight if for all 1 < j < A'^, 1 < m < ^ < r the polynomial {Ti-^-^^Ti-^^ ■ ■ ■ Tij^-Kn 
is in general position with respect to (Tr^)^ .. 



Proof. First observe that by Proposition 2.2, {Ti -^-^Ti-^^ ■ ■ ■ Ti^Trm)i - is indeed a polyno- 
mial. We also claim that for all i £ I, the polynomial {'7Tm)i is in general position with 
respect to {Tre)i ii m < £. To see this, choose 1 < j < ma ximal so that ij = i, and let 
w = ■Sij+i ■ ■ • Sijv • Then i ^ Iw and hence by Proposition |2.2| , we have 

M AT 
r— s— j + l 

for some nonnegative integers M, Pr,a- The claim follows since {Ti-^-^Ti-^^ ■ ■ ■ Ti„Trm)ij 
is in general position with respect to 

If = sh, the theorem was proved in Theorem^ (ii). For arbitrary g, we proceed by 
induction on r. If r = 1 there is nothing to prove. Let r > 1 and let V' — ^(772) ® ■ • • ® 
V{TTr)- Then V' is highest weight module with highest weight vector v' — vtt2 ® ■ ■ • 8' vtv,. 
and highest weight n' = 772 ■ • ■ tt^. Setting A = degTTi = ((deg7ri)i, ■ • ■ , (deg7ri)„), it is 
enough by Lemma 3.1 to prove that 



By Lemma 3.2, it suffices to prove that for all 1 < j < A'', 
In fact it suffices to prove that 
as -modules. 

By Theorem ^iii), we know that Ui^- .Vg. .^^ ■•■si„ is a quotient of W{{Ti^j^-^ ■ ■ ■ Ti^TT\)i-). 
Further we claim that 

\Ji. .v' = \Ji- .1)772 ® • • • ® Ui^. .vir^ ■ 

To see this, notice that the left hand side is clearly contained in the right hand side. Since 
V' is highest weight it follows that 

Ui^.UTTa ® ■ ■ ■ ® Vi-.V-TTr C \Jq{<).V. 

Since any element in U^^ .17772 ® • ■ • •X' Ui^ .vn^ has weight '}2m=2 deg(7rm) ~~ P<^ij , for some 
p > 0, it now follows that 

.«7r2 ® • • • ® Ui^- .vtt^ C Vi. (<).«', 

thus establishing our claim. Since, Ui^-«^^). ~ V{{TTm)ij) as U5(sZ2)-modules, we have 
therefore proved that Ui -.Vg. \ Vi- -v' is a quotient of the tensor product of 

Ui -modules Vy((7ri)i.) ® V((7r2)i ) ® • • ■ ® V'((7r,.)i ). Since we have proved that the 
polynomial (77^)^^. is in general position with respect to {'7re)ij if m < £, the result now 
follows from Theorem ^(iii). 

□ 



BRAID GROUP ACTIONS AND TENSOR PRODUCTS 



11 



4. Relationship wth Kashiwara's results and conjectures 
Let us consider the special case when h has the foUowing form, 

m 
r=l 

and denote the corresponding n-tuple of power series by hj„,a and the n-tuple of polyno- 
mials by 'K^rn,a- Wc shall prove the following result. 

Theorem 4. Let k\,k2 - ■ ■ ,ki € /, ai, ■ ■ ■ ,ai £ C(g), mi, • • • , me € Z+, and assume that 

. , / du m^^—du m^—di, —du —p w ^ n 

r < s — q ^ «a s «7- V p > U. 

Then, the tensor product V{Tr'^-^^ai) ® • • • ® V{TTme,ae) is a highest weight module. 
Assume the theorem for the moment. 



Remark. In the special case when rrij — 1 for all j, it was conjectured in | AK| that such 
a tensor product is cyclic if Uj/ai does not have a pole at g = if j < ^, and this was 
proved when p is of type A„ or Cn; subsequently, a geometric proof of this conjecture 



was given m 
methods in 



yV when g is simply-laced; a complete proof was given using crystal basis 



The following corollary to Theorem Q was conjectured in M , | HKOTY 



Corollary 4.1. The tensor product V — V(7r^^ i) ® ■ ■ ■ ® is an irreducible 



Proof. First observe that if dk^mi < dk2'm2 < ■ ■ ■ < dk,me then the tensor product is 
cyclic by Theorem ^ We claim that it suffices to prove the corollary in the case when £ = 2. 
For then, by rearranging the factors in the tensor product we can show that both V and 
its dual are highest weight and hence irreducible. To see that V — V{Tr'^_^ i)®^(''''m2 2) 
cyclic if dk^mi > dk2m2, we have to consider the case when dkim\ —dk2m2—dki —dk^ > 0. 
It suffices to show that V"^ is cyclic, since u is an algebra automorphism. Now, — 
V(7r'== 2 ) ® V'(7r'=i 2 ) for some fixed k depending only on g. By Theorem ^, this is 

cyclic, since 2dk2 — 2dk-^ 7^ dk2'm2 — dk^mi — dk-^ — dfej — P for any p > 0. This proves the 
result. 

□ 

It remains to prove the theorem, for which we must show that, if luo = Sji ■ ■ ■ ^'^'^ 
w — Sij_|_i • • • Sijy, then the polynomial (r„,7rj^^ ^ is in general position with respect to 

{T^mf.,ai)ij for all r < 



Using Propositon 2.2, we see that 

where s varies over a finite subset of Z+ with multiplicity. This means that any root of 

(T^TT^'-^^^Ji^ has the form g'''='-{'"'--2p+i)+»a,. where s > and 1 < p < m^. If £ 7^ ij, 

there is nothing to prove since {Trmi,ai)ij ~ 1- If £ = ij, then the assumption on ar/ae 
implies that 

dfc (-m^+2p+l) + s 

ai 

This proves the theorem. 
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5. The cyclicity condition made explicit 

In this section we work with a specific reduced expression for the longest element wo 
of the Weyl group, and give the condition explicitly for the tensor product V{n) (8) V{tv) 
to be cyclic. In what follows we assume that the nodes of the Dynkin diagram of g are 
numbered so that 1 is the short root (rcsp. long root) when g = S„ (resp. g = Cn) and 
that 1 and 2 are the spin nodes when g = 

5.1. The clsissical algebras. The main result is: 

Theorem 5. (i) Assume that g is of typo An. Then V{n) ® V{n') is cyclic if for all 

1 < J < i < J^, we have that the polynomial 

i 

r=i-j+l 

is in general position with respect to tt^ . 

(ii) Assume that g is of type Bn. Then V{'k) (S> V{'k) is cyclic if for all i > 1 we have 
that the polynomial 

i 

I 4i—4 \ TT / 4i— 1— 2t- n / 4i— 3— 2r \ 

r=2 

is in general position with respect to tt^ and for all i > j > 2,the polynomials 

r=2 r=2 

i 

ni U-6+2j-2r \ 
nr(q ^ U) 

r=j 

arc in general position with respect to iVj. 

(iii) Assume that g is of type Cn- Then V{n) V{n) is cyclic if for all i > 1 we have 
that the polynomial 

l[nAq^^-'-^u) 

r=l 

is in general position with respect to ttJ and for all i > j > 2 the polynomials 

are in general position with respect to n'j 

(iv) Assume that g is of type Dn- Then V{Tr) (gi Vliv) is cyclic if for all i >3, and i even 
(resp. i odd), we have 

r=3 

i 

{resp. 'K2{(^^~'^u) Y\ 'i^r{q^^~'^~^u)) 

r=3 

is in general position with respect to tt^ , 

i i 

i"2(g^'~''w) 7rT.(g^'"^"''w), {resp. ■Ki{q^''~'^u) JJ^ ■Kr{q^"~'^~''u)), 

r=3 r=3 
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is in general position with respect to n'2 and and for all i > j > 3, the polynomials 

i j-1 
I 2i-j-2 \ / li—j — l \ TT / li—j — r \ TT i 2i-j+r—4 

7ri(g u)TV2[q u) 7rr((7 "")_[_[ 7r,.((7 u, 

r— 3 r— 3 



are in general position with respect to tt^ . 



We note the following corollary of this theorem which gives us a condition for a 
tensor product V{tt'^^ ,^^) (g) ■ • ■ Cg) V{nmf,ae) to be cyclic. It suffices in view of Theo- 
rem ^ to give the condition for a pair of such representations to be cyclic. Recall also 
that the representation V{nl^-^^ai) ^ V{''^^rri2,a2) is cyclic if and only if the representation 
y(7r'= , _i)(8)V(7r"i _^ J is cyclic. 

Corollary 5.1. The tensor product V{-k]^^^^^)(^V {■n'-^^^^^) is cyclic if a^^ a2 ^ <S(7r;^j^„j , tt^^^^^J, 
where 

min{mi ,m2 ) 

S(Tr^l,ai,-^Ji2,a2) ^ \j ^i/ S{ll,l2) 

p = l 

and S{ii, 12) is defined as follows: 

(i) Q^An, 

5(ii, 22) = : 1 < ii, 12 < fc < n, ii + 12 > + 1}. 

(ii) Bn, 

5(1,1) = {q'"'-'' ■.l<k<n}, 
S{l,i2) = {q""-'''-' : 2 < 12 < n}, 
S{n, 1) = q4'=-2n-i : 2 < ii < rz}, 

5(il,i2) = {g4'=-2i2-2n^ ^4fc-2 mox(ii,i2) + 2 m!n(ii,i2)-6 : 2 < , < it < 71, } . 

(iii) g = C„, 

5(ii, 1) = {g2fc-i-n : 1 < < fc < n}, 
5(1, ii) = g2fc+i-»i : 1 < ,j < < n}, 

5(il,i2) = g2fc-mo.(«i,i2)+ m^n(^^,^2) -,2 <il,i2 < k < n} . 

(iv) fl = -Dn, 

5(1, 1) = :l<fc<n,fcEEO mod 2} = 5(2, 2), 

5(1, 2) = {<3^''~* :l<fc<n,fcEEl mod 2} 
5(ii, 1) = {g2'=-n-2 : 3 < < fc < ^ 5(ii, 2), 

5(il,i2) = q^k-max(^^,i2) + m^n(i^,^2)-4 : 3 < , ^3 < fe < n}. 

To prove Theorem [s], we fix a reduced expression for the longest element wq. Thus, we 
take wo — 7n7n-i • ■ ■ 71, where 

{siS2---Si, g = A„, 
SiSi-l ■ ■ ■ S1S2 ■ ■ ■ Si, Q = B„,C„, 
SiSi-i ■ ■ ■ S2S1S3 ■ ■ ■ Si, g = D„. 

It is convenient also to set Wi = 7„_i7„_i_i • ■ ■ 71 for < i < n — 1. 

Theorem ^ is an immediate consequence of the following proposition, which is easily 
established by an induction on i. We state the proposition only for algebras of type A„ 
and B„, the results for the other algebras are entirely similar. 
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Proposition 5.1. Let h G A" . 



(i) g = An. For all i > j, we have 



(ii) g = Bn- For all i > j, 



{Tj+iTj+2 ■ 
{T2T3 ■ 
(T.-i-.-TaTi- 



• TiTwi_ih.)i = 



r = 2 ' 



^r=2 

hi(g4"-4^.) + EU2 Kiq"'- u) + K{q 



if j < i, 



= \vj{u) ifj>i + 2. 



5.2. The Exceptional algebras. We content ourselves with writing down the set <S(ii, 12), 
ii < 12 which gives the values of a^^a2 for which the tensor product V{ii, ai)® V(j2, 02) is 
not cyclic, as usual if ii > 12 the condition is that gig^^aj"^a2 ^ 5(i2, ii) . The values were 
obtained by using mathematica, the program can be used to write down the conditions 
for an arbitrary tensor product of representations to be irreducible. 

We first consider the algebras _E„, n — 6,7,8, the nodes are numbered as in [Bo so 
that 2 is the special node. The reduced expression for the longest element is chosen as in 



CX:], namely: 



Ee S1S3S4S2S5S4S3S1S6S5S4S2S3S4S5S6U1, 

Er S7S6S5S4S2S3S4S5S6S7SiS3S4S5S2S4S3SlS6S5S4S2S3S4S5S6S7«2, 
-Eg S8S7S6S5S4S2S3S4S5S6S7S8S1S3S4S2S2S5S4S3S1S6S5S7S6S4S3S2S5S4S5S2S3S4 
XS6S5S7S6SlS3S4S2S5S4S3SlS8S7S6S5S4S2S3S4S5S6S7SgM3, 



where mi (resp. U2, U3) are the longest elements of D5 obtained by dropping the node 6 
(resp. 7,8) (resp. Ea, E7) chosen previously. 
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Se{l,l) = {q\q'} = q-^Seil,6), 
56(1,2) = 
56(1,3) = 

56(1,4) = 

56(1,5) = {g^g^g"}, 

56(2,2) = {g^g^g^gl2}, 
56(2,3) = {g^g^g^g"'} = 56(2,5), 
56(2,4) = {g^g^g^g^g"}, 
56(2,6) = {g«,g«}, 

56(3,3) = {g^g^g^g^g^«}, 
56(3,4) = {g^g^g^g^g"}, 
56(3,5) = {g^g^g^ 91°, gi2}, 
56(3,6) = {g^g^g"} 

56(4,4) = {g^g^g^g^g",gl2}, 
56(4,5) = {g^9^g^9^g"}, 
56(4,6) = {g^g^g^gl°}, 

56(5,5) = {g^g^g^g^g"}, 
56(5,6) = {g^g^gn, 

56(6,6) = {g^9«}. 



(ii) // = -B7, t/ien S{i,j)is the union of the set Se{i,j) with the sets 57(1, j) defined 
below. 



57(l,l) = {g^^g^n, 
57(1,2) = {g",gi^^}, 
57(1,3) = {g",gl^gl«}, 
57(1,4) = {gl^gl^gln, 

57(1,5) = {g^g»,gln, 
57(1,6) = {g»,g"} 
57(1, 7) = {g^} 
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57(2,3) = 

5r(2,5) = {g^g^^g",g«} 
5r(2,6) = {g^g",g",gl^}, 

5r(3,3) = {5l^gl^g«,gl«}, 
57(3,4) = {gl^g^^g"}, 
5r(3,5) = {g^gi«}, 
5r(3,6) = {g^gl^glS} 
5r(3,7) = {9^g^gl^g"} 

5r(4,4) = {g",gi«,gi«}, 

5T(4,5) = {g",g»,gi^}, 

57(4,6) = {gl^g",g^«}, 
57(4,7) = {g^g^g^g",g«,gl5} 

5r(5,5) = {gl^g",gl^gl«}, 
57(5,6) = {g^g",g",gl^g"}, 
57(5,7) = {g^g^g^^g^^g^«} 

57(6,6) = {g^gl^gl^gl^gl«}, 
57(6,7) = {g^g^g^^g^^} 
57(7,7) = {g^g^^g^«}. 
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If Q = Es, then S{i,j)is the union of the set Se{i,j) US-r(i,j) with the sets Ssiijj) 
defined below. 

c n l^ _ r„14 _20 _24 „30\ 

'^8(l,2) = |g ,q ,q ,q ,q }, 
Ss{l,i) = {q'\q'\q'\q'\q'\q'% 

58(1,6) = {g"^g^^gl^g2^g2^g2n 
58(1,7) = {g^gl^gl^g^n 
58(1,8) = {./,g",gi«} 

C /'o o\ _ r^l2 „16 „2() , 22 , 24 , 26 „3()t 

58(^,^)-i? ,q ,q ,q ,q ,q ,q i, 

C ('o Q\ _ r„14 „18 „20 „22 „24 „26 „28l 

58(^,o) — jg ,g ,g ,g ,g ,g ,g ) 

C (-o /l^ _ r„19 „21 „23 „25 „27 „29i 

58(2,4) - |g ,g ,g ,g ,g ,g |, 
58(2,5) = {gl^g^^g^^g^^g^^g^«} 

5B(2,6) = {gl^gl^g^^g^^g^^g^}, 
58(2, 7) = {gl^ gi«, gi«, g2«, g2^ g^^ g^^, g^^} 
58(2,8) = {g^g",gl^g^^g^^} 

c /Q Q\ _ r„20 „22 „24 26 „2S „30\ 

i>s(6, 6) - {q ,q ,q ,q ,q ,q j, 
58(3,4) = {gl^g2^g2^g2^g2^g29}, 

58(3,5) = {gl^g2^g2^g2^g^^g^«}, 
58(3,6) = {g^^gl^g^^g^^g^^g^^} 

58(3,7) = {gl^gl^gl^g^^g^^g^^g2«} 

C l'^ fi^ — /„7 „9 „13 „15 „17 „19 „23 „25l 

58(3,8) — |g ,g ,g ,q ,q ,q ,q ,q J- 

58(4,4) = {g2^g2^g2^g2^g2^g30}, 

58(4,5) = {g",g2^g2^g2^g2^}, 
58(4,6) = {gl^g2^g^^g^^g2^g2n, 

c //I 7\ _ f„17 .19 _21 „23 _25 _27l 

58(4, 7) -{g ,g ,g ,g ,g ,g } 
58(4, 8) = {g«, g«, g^°, g^^ g", g^^, g^^, g^°, g^^ g^^ 

58(5,5) = {g2^g2^g2^g2^g2^g«"}, 
58(5,6) = {g",g2^g2^g2^g2^g2n, 

C '7^ r 6 18 20 22 24 26 281 

58(5,7) = {g,g ,g ,g ,g ,g ,g } 
58(5,8) = {g,g,g ,g ,g ,g ,g } 

c c^ r 6 14 20 22 24 26 28 30 1 

58(6,6) = {g°,g ,g^g ,g , g °, g °, g''"}, 
58(6,7) = {g^g",gl^g«,g^^g^^g^^g^«} 
58(6,8) = {g^g^g^^g^W^9'^9'^9'*} 

C ('7 7^ _ J„12 „14 _20 „22 ,,28 „30l 

58(7, 7) — |g ,g ,g ,g ,g ,g | 
58(7,8) = {g^g",g",g".g2^g2n, 

58(8,8) = {g^gl^g2^g3°}■ 
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If fl = F4, then we work with the following reduced expression for wo, 

S4S3S2S3S4SlS2S3S2SlS4S3S2S3S4SlS2S3S2SlS2S3S2S3- 

We assume here that the nodes 1 and 2 correspond to the short simple roots. Assume 
that di > dj, then V{i, a) g) V{j, b) is cychc if ab~^ £ S{i,j), where 

5(1,1) = 

5(l,2) = {9^g^gl^g"}, 

3(1,3) = {q',q'',q'% 

S{2,2) = {q\q^q\q'°,q'\q'\q'\q'% 
5(2,3) = {g^g^g^g",gl^gl^gla 

5(3,3) = {g^g^gl^gl^g",gl^gl«}, 
5(3,4) = {g«,g«,gi°,g",0, 



S{AA)^{q\q'\q'\q''} 

If fl = G2, then we choose the following reduced expression for wo, where 1 is corre- 
sponds to the short simple root. 

S2S1S2S1S2S1. 

We have, 

5(1,1) = {g^g^g^g^2} 
5(l,2) = {g^g"} 



5(2,2) = {g«,g«,gi°,g^2} 
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